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Abstract: We review some modified gravity models which describe the gravita- 
tional dark energy and the possibility of cosmic speed-up. The new consistent version 
of such theory which contains inverse and HD curvature terms as well as new type of 
coupling with matter is proposed. The accelerating cosmologies are discussed there. 
The structure of finite-time (sudden) singularities is investigated. 
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The very interesting approach to resolution of dark energy problem which is the 
challenge for XXI century is related with possible modifications of gravity at large 
distances. In particular, one can consider gravity with the terms which are inverse on 
Riemannian invariants (Riemann and Ricci tensor, curvature) . The simplest example 
of that sort is 1/R theory [0] where the growth of (gravitational) dark energy is 
explained by the expansion. The inverse curvature terms may have M-theory or 
higher dimensional origin[^ ^. Even, 1/R model may contain some instabilities or 
may not pass the solar system tests 0, it exists its consistent modification [1, H 
by higher derivative or logarithmic terms. Moreover, its Palatini version (for recent 
discussion, see ^j) may probably have less problems. Various (cosmo logical) aspects 
of modified gravity with inverse curvature terms have been studied in refs. |10|, |11 



T2[| . In the present report we review the modified gravity aspects which are related 
with dark energy and cosmic speed-up. The new modified gravity model is suggested 
where some cosmological solutions are given and its future singularity behaviour is 
discussed. 

As an interesting example the action of (large distances) modified gravity may 
be taken in the following form 

S=^ j d^'x^g [R - 7i?-" + Lm) . (1) 

Here 7 is (an extremely small) coupling constant and n is some number. One can 
work in the original Jordan frame or, using conformal transformation to scalar-tensor 
gravity , in Einstein frame (see|T^). Without matter and when the curvature is small, 
the solution of equations of motion may be found The FRW universe metric in 
Jordan frame is ds^ = —dt^ + a? if) Yl^i=i (dx^)'^. The explicit FRW scale factor is 

(u+i)(2n+i) 6n^ + 7n — 1 

3(n + l){2n + 1) 

where w is the effective equation of state parameter. If n > '-'-'^^ or— 1<?7,<— i, 
we find w < and ^ > 0, that is, the universe is expanding with acceleration. The 
fact that gravity with inverse curvature may provide the gravitational dark energy 
model responsible for cosmic speed-up attracts the interest to such theory. 

U w < —1, the universe is shrinking in the expression of a (Q). If we replace 
the direction of time by changing t by —t, the universe is expanding but t should 

be considered to be negative so that the scale factor a should be real. Then there 

2 

appears a singularity at t = 0, where the scale factor a diverges as a ~ (— t)3("'+i). 
One may shift the origin of the time by further changing —t with ts — t. Hence, in 

the present universe, t should be less than tg and there will appear the singularity at 

2 

t = ts- a ~ its — t) 3(^+1) . The future finite-time singularity is of sudden or Big Rip 
type. Since w + 1 = 3(„+i"(2n+i) ' '^^ follows w < —1 when —l<n< — |. Here it is 
assumed n > —1, so that the Einstein term dominates when the curvature is small. 
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Let the ideal fluid is taken as the matter with the constant w: p = wp. From 
the energy conservation law = dp/dt + Sif (p + p), it follows p = poa'^^^^"^^ . 

When the curvature is small, if n > —1, f{R) may behave as f{R) ~ — 7-R~". 



In such a limit, an exact solution of the equation of motion is found to be ||TT 



aot'*° , ho = — , r , ao = 

3 1 + w) 



-67/10 {(1 + 2n) (1 + n) - (2 + n)ho} 
Po {-Qho + 12/i2)"+i 



3(l + m) 



(3) 

When n = — 1, the result = ^-^^^-^ in the Einstein gravity is reproduced. The 
effective i^efr may be defined by Hq = g^jij^^T^- By using (^, one finds Wefr = + 
Hence, if w is greater than —1 (effective quintessence or even usual ideal fluid with 
positive w), when n is positive, we obtain the effective phantom phase where Wes 
is less than —1. This is different from the case of pure modified gravity (^. When 
Wes < —1, the curvature tends to become large. In the usual phantom model, the 
increase of the curvature generates the Big Rip type singularity (for recent discussion, 
T^). In the model (|ID, however, when the curvature is large, the first Einstein- 



see 



Hilbert term dominates. Hence, phantom era is transient. 
The equation of motion may be written as: 



[ ^"^ 2 



2 1 c^dtiu 1 — + T^jj . (4) 



Here T^^'"^ = ^ {-nR^^R-^-' - \g^,R-'' + n (V^V. - g^^V^) One may 

regard T"^^^^ as the gravitational dark energy. Due to the identity V [R^i, — ^g^iu) = 
0, the total energy momentum tensor T^^''^ + T^^^, is conserved. If it is also assumed 
the conservation of the energy, the dark energy part Tj^^^^ is also conserved. Then 
it looks that there is no flow of the energy between the matter sector and the dark 
energy one. However, it occurs via the gravity coupling. In the solution (^, since 
the first Einstein-Hilbert term in (|1|) is neglected, we find T^^^^^ = —T^u, especialy, 
^dark _ that is, the variation of the matter energy density p is absorbed into the 
dark energy density p*^^"^^. When n < and w > 0, which gives < — 1 in (|^) for 
small curvature, it follows 

P ~ V' ~ Po {t, - t)'" , Po = 6/107 {-Qho + 12/1^)"""' {{2n + l){n + 1) - {n + 2)ho) 

(5) 

Comparing it with the case of the Einstein gravity, where p behaves as p ~ p (|^) 
decreases more rapidly and tends to vanish at t = t^- The decrease of p generates the 
increase of p'^''^'^^. Since the first Einstein-Hilbert term (P is neglected in the solution 
(^, we may include the Einstein-Hilbert term perturbatively. Using (^), one gets 

dark , ^ _ ^ 
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which becomes large when t goes to ts- Since the usual energy density decreases when 
the size of the universe increases, Eq.(P) shows that the dark energy p'^'^'^^ becomes 
large rapidly. Eq.(^ also indicates that one cannot neglect the Einstein term when 
t ^ tg. When the curvature becomes large and the Einstein term dominates, the 

2 

spacetime behaves as a ~ jf perturbatively include the second term 

in (0), by using (|) 

p''^''' ~ Qho ((1 + n){l + 2n) - (2 + n)h^) {-6ho + Uhiy""' t^" , (7) 

which increases with time (transient period). 

Let us now consider the following consistent modified gravity model composed 
of two theories p!5|] : 

S = J d^x^g (i? - 7i?~" + C^') + L, + lJ^ . (8) 

Here describes dark or usual matter coupled with gravity and 7 and ( are con- 
stants. The model admits the early time inflation and the late time dark energy 
universe in unified description like in phantom/quantum matter theory [|l^. Let 



(which also may be interpreted as part of dark energy ||T5[) be the Lagrangian of the 
free massless scalar ip: 

Ld = -^g^'d.^d.v . (9) 

For FRW universe where only depends on t (0 = (pit)) and = 0, the solution 
of scalar field equation is given by (with constant q) ^ = qa~^R~". 

When the curvature is small, the third i^^-term in (|^) becomes dominant. If we 
assume the first and the second terms could be neglected and = 0, the equation 
of the motion given by the variation over qqo has the following solution: 



a + 2 



3W ' ° 27/x2" (a + 2) (a + 1)"^^ (| (2a - 1))"+' ' 

(10) 

The effective w is given by u; = — 1 + 2/(a; + 2). If a > 1 (a < 0), the universe 
is accelerating (decelerating). On the other hand, when the curvature is small, the 
second term in M) becomes dominant. The solution is found to be 



aot3 {H = ^ 



{2a - 1) (g - 1) 

a+2 A^^J 



3/i2° {a -n){3 + lln + 7n'^ - (2 + n)a) {a + 1)"~^ (| {2a - 1))' 



and the effective w is given by = —l + 2/{a — n). Then if a — n > 3, we have 
w < — I and the universe is accelerating. Hence, for some parameters choice the 
effective w may cross w = —1 border: from greater than —1 to w < —1. This is 
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an interesting feature of gravitational dark energy. When w < —1, there usually 
occurs finite-time singularity. In this model, due to i?^-term (||) it does not occur 
eventually. 

One may consider the case that 7^ 0. We also assume the Hubble con- 
stant behaves as (which defines behaviour of matter from field equations) H = 
ho + hi (ts — t)™. The equation given by the variation over goo in (H) contains the 
terms including but not the terms including > 3). Therefore if m > 2, 

the matter energy density p should be finite: 



Po^^,{hl-{2 + n) {I2hl)—'} 



2\-a 



a + 2) 



(12) 



Here Oq is the size of the universe a.t t = tg. As p > usually, po should be also 
positive. The equation given by the variation over Qij contains the terms including 
^f^. Therefore if 3 > m > 2, since diverges, the matter pressure p diverges: 



p ^Po = Qhi 



A {n{n + 1)7 (12M-"-^ + 2(1 - ^^^^ ~ 

, /^'^ HI 0; w 2p°a[j(m2)-2 



m(m— l)(m— 2) (tg — t) 
(13) 



m— 3 



In case of the Einstein gravity with matter, such a sudden singularity appears when 
< m < 1 [0 (see also [|18|). The theory under consideration moderates the 
singularity. 

Let us finally consider the role of in (^) when it describes the scalar field (p 
with the potential V{ip). For simplicity, we put 7 = = 0. When the scalar field 
if only depends on time, one has 



Pd 



1 



0^ - V{^) 



(14) 



Varying over goo gives: 
= 



1 

+ 



k2 



2a 



dH 



dH 



d 

-3aH— 
dt 



6^ + 12H' 
dt 



2\ dt 



(15) 



The variation over gij looks like 



1 f dH A 1 
= ^ 2— + 3H']+ — 



H? \ dt I 



(3 - a) ^ + (6 - 3a) H'^ 



dH „ 
6— + 12H^ 
dt 



d 



dH 



Pd 



(16) 
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We now assume H = ho/t (when ho > 0) or H = —ho/{ts — t) (when ho < 0). Then 
the solution of (|^) and (|T6D is found to be 



Pd = Pot^''-^ , Pd = Pot^''-^ {ho > 0) , 

Pd = PO (ts - t)^""^ , pd = PO (ts - ^)^""^ {ho < 0) , 

^ /x'" (2 + 3ho) 

^° ~ /t2 (_g/^^ + 12/i2)°-i {_3 + a + (6 - 3a) ho} ' 

6/x^°/io {2a + (3 - 6a) /ip - 6 (1 - a) /ig} 
^° " /t2(-6/io + 12/i2)"{-3 + « + (6-3a)/io} ■ ^ ' 

One may write 

2 2 

V2 = Pd+Pd = or — (ts - t) , V{ip) = — - — = Vot or Vo (t. - t) 

(18) 

2— — 

Then we find ip = (pot"', V{ip) = Vo (v^/v^o) " ■ When /iq < 0, if a > 1, pd and pd does 
not diverge at t = tg, which is different from the usual phantom matter generating 
the Big Rip singularity. 

Thus, modified gravity which gives very natural explanation of dark energy (via 
expansion) may unify the early time inflation and late time dark energy universe 
and may pass solar system tests. The phantom phase (if any) may be transient here 
and future finite-time singularity may be avoided or (depending from matter/dark 
energy choice) it changes the structure. 
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